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2-vacuum equation, for which gravity is non localizable
on the brane [17]. This is the case of Nariai metric which
has non zero Weyl curvature. Note that Weyl is non zero
for S-AdS as well. It is therefore pertinent to nd un-
der what conditions do zero mass gravitons have bound
state on FRW brane? This is the most critical question
for brane world cosmologies and that is what we wish to
address in this letter.
Since our brane is a hypersurface around the black
hole, any movement of the brane towards or away from
the black hole would be interpreted as contraction or ex-
pansion by the observers on the brane. That is how ex-
pansion is directly related to motion of the brane. To
see whether zero mass graviton has a bound normaliz-
able state in these cosmological models not only one has
to solve for the graviton perturbation equation but also
must take into account the brane trajectory in the bulk,
governed by Israel matching conditions. We shall now
study metric perturbations of S-AdS bulk and shall rst
recover RS at brane results. Then we shall in particular
consider the case of k = 1;
4
> 0, while a comprehensive
discussion of all possible cases would be done elsewhere
[18].










































Here k = 0;1 is the curvature index andM is the mass
parameter of the bulk black hole.
The static limit would be given by g
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and since the metric is spherically symmetric this also de-
nes the location of event horizon of the spacetime. The












The Latin indices which label the bulk spacetime (x

; y)
run from 0...4 and the Greek indices labelling brane
spacetime (x

) would run from 0...3. We consider the






















Our interest lies in nding out the behavior of gravi-
tons on the brane due to the presence of extra dimen-
sion. For that we would take the metric perturbations











= 0. We would further impose the transverse-

















Substituting this in eq.(5) and using m
2
as the constant






































where prime denotes a derivative with respect to y. This









(y)	 = 0 (7)
which can be transformed into a wave equation form
with the transformation 	(y) = (y) (y) where (y)
is such that it eliminates the rst order derivative term






+ V  (y) = m
2
 (y): (8)
This equation holds necessary information about the ef-
fect of extra dimension on gravitons on the brane. The




























































































Obviously, the shape of the potential will play determin-
ing role in localization of gravitons. The potential V
for all the cases provides a negative innite well at the
event horizon of the black hole of mass M , which holds
irrespective of the matter distribution on the brane. The
potential for the massless and massive modes for the case
k = 1;M 6= 0 is shown in Fig. 1. The potential for the
massless mode can be viewed as the m ! 0 limit of the
potential for massive modes for which V > 0 for large y.
The physically interesting branes would lie outside the
horizon which would also serve as the high energy cuto.
The normalizibality of the massless mode depends on the
aymptotic behavior of the potential and the form of the
potential reects that branes which are either static or
ever expanding in the bulk would harbour localization.
The Israel junction conditions determine the relation-



























































Here dot refers to derivative relative to proper time 
and  is the energy density on the brane. The y coor-
dinate now plays a dual role. It not only tells us about
the eect on graviton uctuations due to extra dimen-
sion but also parameterizes the brane trajectory. As is
clear from eq. (12) that motion of brane is determined
by both black hole mass and energy distribution on the
brane. The localization would therefore depend on en-
ergy distribution in both bulk and brane. The density





depending upon whether the universe is radia-
tion or matter dominated. Thus at large y the behaviour
of the brane trajectory is solely governed by the sign of
the eective cosmological constant on the brane which
then plays a determining role in the localization of the
massless mode. Hence we shall set  = 0, for its inclusion
will not disturb localization, and solve for the brane dy-




















+ k = 0: (13)
Note that this equation is non linear in the highest order
of derivative and hence it will not have unique solution.
Now we would see how the above metric perturba-
tion equation and the brane dynamics equation yield RS
model. For this k = M = 0;  = 
0




































which by the transformation,  = l ln(l=y), reduces to



















RS brane is static and located at  = 0, which means









). The massless mode is bound and for the mas-
sive modes for which m > 1=2l, V > 0 and they are
unbound. The form of the potential also suggests that
there exist discrete modes for m < 1=2l. The massless
mode is normalizable and since it is also bound, this leads
to localization of gravity. The fact that V turns positive
for massive modes gives the continuum spectrum and the
RS correction to Newtonian potential.
For AdS branes the brane trajectory exhibits periodic
motion, like for the case k =  1;M = 0;
4
< 0 it is









tial is similar as in RS case, apart from that it blows up
at origin and there is an innite negative well at y = l,
but the brane trajectory is such that it does not yield
the required behaviour of the potential for the ground
state wavefunction to be normalizable. Hence the mass-
less mode would not be localized for AdS brane (but that
would be for dS brane because the solution of the brane
motion equation does permit normalized wavefunction).
We thus recover the well-known result for AdS bulk and
AdS/dS brane [7]. The behavior of brane trajectory also
plays critical role in localization of gravity on the brane.
Now we turn to FRW brane. Eq.(13) yields host of
solutions for interesting cosmological scenarios including
the inationary solutions for all values of k with a pos-
itive 
4
on the brane, which is also favored by current
observations of type Ia supernovae [19]. A detailed dis-
cussion of all these cases would be done elsewhere [18],
here we would as a representative consider the case of
k = 1, M 6= 0 and 
4
> 0.














































=3. For n > 1 the
brane emerges out of the event horizon, expanding from
y = 0 at  = 0 like a white hole [20] and would expand




FIG. 1: Potential plot for M 6= 0 and k = 1. The dashed and
dark lines indicate potential for massless and massive mode
respectively.
The behavior of potential V for this case is shown in
Fig.1. Note that V blows up at y = 0 and there is an in-
nite well at y = y
h
, we shall therefore restrict to y > y
h
.
For the massless mode the potential prole favors bound-
edness and normalizability. The massive mode would be
unbounded and would contribute to correction over New-
tonian potential. To calculate the precise correction one
should do a propagator analysis of graviton modes in this
setting which we will not attempt here, however it can be
4shown that the massive mode as in RS case would be ml





the Newtonian potential is expected.
In order to show the correction suggested by mas-
sive modes we would rst parameterize the location of
the brane o the horizon by  = 1   M=y
2
. Solving
the Schroedinger equation, eq.(8), in the approximation
M  l
2






























(1  )(M   2l
2
)ml=M . Close to the horizon  
ml=
p
M and since y 
p
M , the argument in the Bessel
function as in the RS case is propotional to ml at the










are to be determined by the bound-
ary conditions which are to be xed for a moving brane.
However, the above equation holds only near the hori-
zon. In the cosmological context we can view brane as a
t = constant hypersurface and x the boundary condi-
tions on  (y) at the location of the brane and away from










The modications to the standard GR would be most
prevelant near the event horizon which is the high energy
end and marks a cut o for the scale factor y( ). As the
brane moves out and expands, the potential as shown in
Fig.1 becomes shallower and the high energy modica-
tions die out with time. In particular, the RS correction
to the Newtonian potential will die out as the universe
expands. The discrete mode will turn into continuum
with expansion which will lead to decrease in mass gap
resulting into lowering of temperature. This augurs quite
well with the common perception that the universe cools
as it expands. This is a generic feature of brane world
cosmological models.
The Hubble parameter for k = 1, M 6= 0 cosmological













1 + n sinh(2x)  cosh(2x)

: (19)
For large  , it would imply exponential expansion leading
to inationary stage. From the curvature eects of the
bulk S-AdS black hole, it could be envisioned in this case
that a (dark) radiation universe is born on the brane.
The overall picture that emerges is that we could have
dierent FRW cosmological models on the brane which
are anchored onto S-AdS bulk. The curvature of the
bulk spacetime and the brane trajectory are key players
in the localization of gravity on the brane. The ultimate
evolutionary fate of models is decided by the black hole
mass and the cosmological constant on the brane. We
have thus shown that S-AdS bulk does allow localization
of gravity on FRW brane with 
4
> 0, which on taking
into account cosmological observations can well serve as
our physical universe.
In conclusion, we could say that brane cosmologies are
rmly anchored in respect of localization of gravity. We
have shown that the potential in the Schroedinger equa-
tion and the brane dynamics lead to bound state for zero
mass graviton on the brane. Also there exist massive KK
modes which are responsible for the high energy correc-
tion to the Newtonian potential. Even in the absence of
actual propagator analysis, recovery of Newtonian grav-
ity with correction term could be inferred so long as
there exist bound normalizable zero mass graviton on
the brane.
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